REDUCTION OF ORDINARY DIFFERENTIAL
EQUATIONS TO THE BIRKHOFF CANONICAL FORM

BY
H. L. TURRITTIN()

1. Introduction. In 1909 and again in 1913 G. D. Birkhoff attempted to
reduce all homogeneous linear ordinary differential equations with single-valued
analytic coefficients to a certain canonical form, (see [1 and 2] at the end of this
paper). In 1953 F. R. Gantmacher [3] and again in 1959 P. Masani [4] pointed
out by means of counter-examples that Birkhoff’s 1913 theorem (reference [2,
p. 136]) regarding the reduction to canonical form was false. Indeed both of
Birkhoff’s papers are very sketchy and of dubious validity when the monodromic
matrix has multiple elementary divisors.

Our objective in this paper is to point out exactly where Birkhoff goes wrong
and to decide what his procedure really does prove when the monodromic matrix
has multiple elementary divisors. The author had hoped to push the analysis
still further and determine the degree of simplicity that one might obtain in the
canonical form when nonsingular transformations of various types are used in
making the reduction. He has however been able so far to make only two steps
in this direction, see Theorems III and IV. Much work remains to be done on
this problem.

2. A revised canonical form. To be more precise consider a linear matrix
differential equation ’
dXx
1 —— =11 A(0)X,
M =T A
where X and A are square matrices with n rows and n columns; q is any integer
and the descending power series

© A=40= T A/F (4o20)

converges for 7o=<|s| < 0. One would expect that equation (1) could be sim-
plified and standardized by means of a transformation of the type

(3) X = B(1)Y,
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where the n? elements in matrix B are all analytic in some neighborhood of
infinity, ‘COS‘CI_IT|< oo, and the determinant of B(o0) is not zero.

THEOREM 1. There exists an integer s and a transformation of type (3)
with B(o) = I, where I is the identity matrix, which will convert equation (1)
into a canonical equation of the form

@) i"—Y—(r") i C, ¥/,

where C,, -+, C, are appropriate constant square matrices.

The size of the integer s is a measure of the simplicity of this canonical form,
the smaller the s the simpler the equation. Birkhoff claimed [2] that in no case
would it be necessary to take s greater than (g + 1) if B were chosen properly.
However in Gantmacher’s counter-example, where ¢ = — 1, for instance, it
turns out that it is necessary to take s = 1.

The proof of Theorem I, which is about to be given, is based on

THEOREM 1I. Let [{t) be a square matrix of functions single-valued and
analytic for 11§|1:|<oo and such that the determinant of L does not vanish for
11§l1|<00. Then there exists a matrix B(t) of functions analytic at T = o,
reducing to the unit matrix I at oo, and a matrix N(t) of entire functions of
determinant nowhere zero in the finite complex t-plane, such that

L(z) = B(t)N(1)K(2),
where K is a suitable diagonal matrix
%) K(z) = D{z*, 1%, .-+, 1"}
and a,,---,a, are integers.

The symbolism in (5), where D is followed by braces, is used throughout this
paper to indicate a diagonal matrix and the matrix elements on the main diagonal
are exhibited within the braces and listed in order as they appear running down
the main diagonal.

Birkhoft gives a valid proof of Theorem II in reference [5] and later points out,
(see [6]), that his proof of Theorem II is a special case of an important theorem
due to D. Hilbert [7] and J. Plemel;j [8].

From the basic existence theorem for equations of type (1) we infer there exists
a fundamental matrix solution X = X ((7) of (1) with elements which are analytic
in some neighborhood of infinity; ie., in 7o < 7, £ |7| < 0. The elements
however are usually not single-valued functions of 7.



1963] REDUCTION OF ORDINARY DIFFERENTIAL EQUATIONS 487

When X () is continued analytically once clockwise around a simple closed
circuit enclosing 7 = 0 and keeping || > 7,, the solution X  becomes equal to a
new fundamental solution

(6) X,(x) = X (2},

where the X, can be initially so chosen that the constant monodromic matrix J
will have the Jordan classical canonical form

(7) J= D{plll’ 5 Palas Pa + lIa+l + Ea+1’ "'aPpIp + Eﬂ}’

where the p’s are the characteristic roots of J and are nonvanishing, since X risa
fundamental solution. The I,, ---,I, are identity matrices of order n,---, ng with
ny + -+ +ng=n and the E,,,,---,E; are square matrices of respective orders
Ng41, ", Ng. Every element in a matrix E, .y, -+, Ey is zero, save for the 1’s running
down the first subdiagonal of each of these E-matrices. The reader will note the
notation introduced in (5) is being generalized to cover diagonal matrices with
elements which are themselves submatrices.

To take care of complicated monodromic matrices, it is convenient to introduce
the symbol T{a,,a,, -, a,} to denote a ‘‘triangular’’ or T-matrix, i.e., an n by n
square matrix with a, appearing in every position on the main diagonal, zeros
above the main diagonal, a, appearing in every position on the first subdiagonal,
a; in every position on the second subdiagonal, etc.

Consider a T-matrix

F(T’ P> n) = tlT{la )’2(1', P> 1)9 ) ‘)’,.(T, P, 1)}

of n rows and let y,(t,p,x)=1. Then, writing p in its polar form p =re®,
0=0<2n, r=|p|we take

® = —(log p)/2ni = — (0 — ilogr)/2n

and set

—1)71 il Jogt k—x Iy
®  wwen=C e () iti=2n
! G-n kgl 27ip p
Note especially, because of the presence of log 7, that, when the independent
variable 7 varies continuously and makes a single clockwise circuit around
the origin 7 = 0, the matrix F(z, p,n) becomes equal to a new matrix

(10) H(t,p,n) = F(1,p,n)(pI + E),

where I is the identity matrix of order n and E = T{0,1,0,---,0} is a T-matrix
of order n.
To see that (10) is correct one needs the identity
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(D V502D =150 ) =1@p /e (1=2,m)

and (11) follows at once from the fact that the left member of this identity can
be written in the form

(-t = (— 1y 2
—(JT——I)_!lizb"'z{b"_b"'z} G2 A, be-r

using the abbreviation

(12) by = {(log 7)/2ni + h}/p,

and noting that b_, —b;_, =(1—j)/p.
If one defines matrix L () by means of the formula

(13) X;(7) = L(t)M(z),

where

M(T) = D{thll’ '"’tla Ia;F(t, Pa+1sNa+ 1)9 ) F(T’ Pps nﬁ)};

and 1; =(—logp;)/2ni,(j=1,-,p), selecting for the logarithm the value in-
dicated in (8), then the matrix L will have all the properties of the matrix L in
Theorem II. This statement is true because M has been so constructed that when
the variable T makes a clockwise circuit once around the origin, the continuously
varying matrix M(t) becomes equal to M(t) = M(z)J. Hence using the notation
of Theorem II, the fundamental solution X, takes the form

(14) X (v) = B(®)N()K(1)M(7).

As suggested by Birkhoff, apply a transformation of type (3) to equation (1),
selecting for the B(t) in (3) the matrix B(t) in (14) and thus obtain a new equation

ay _
where
(16) C=1B"'AB-B™' — dB
ar’

Observe that, since B has a convergent representation
L .
B(t)=1+ X B;/Y
ji=1

when || is sufficiently large, it follows from (16) that C also has a convergent
representation
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X .
17 Cr) =1 X C;/7,
i=0

when |t]| is sufficiently large.
Moreover one notes that equation (15) has a fundamental solution

Y, = N(D)K(1)M(7).
Hence also

N
Yf"—%—N +NZKK 1N"+NK%1—W—M 'K™INTL

ay,

(18 c= =1

As regards the three terms on the right in (18), one observes first that both
dN/drand N~! are matrices of entire functions of 7 and thus the product
(dN/dt) N™! is also a matrix of entire functions of 7.

In view of (5)

dK -

_d?K = 17'D{ay, a5, 0, ).
Therefore N(dK/d7)K ~'N ™! is a matrix of entire functions divided by 1.

If the E’s in (7) were missing, it would follow that
2 2 dM 4 -1
M=D{T lII,"',T ﬂlﬁ} and K?‘;M K =D{AIII,"‘, A‘ﬁlﬁ}/t

and thus the last term of (18) would also be a matrix of entire functions divided
by . In this event C(tr) would be a matrix of entire funcions divided by 7 and,
as a consequence of this last fact and (17), it would be evident that the C in (15)
would have the structure exhibited in (4) with s = g + 1, as predicted by Birkhoff.

However, if the E’s are present the evaluation of (dM/d7)M ™" is more involved
and the following result is needed:

dF(t,p,n) _

(19) —g

= {G(p,n) + AI}F(z, p, n)/t,

where the matrix

1 1 (=1t

Go.m=rlo, -1, L - L . =D
(o,m) T{o, L o 35—

: / 2mip.

In order to verify (19) we remark first that the product of two T-matrices is
always a T-matrix. Equation (19) will follow at once if one can show that for
j = 2’ T )

dyi(t,p,1 J v , v
@y LD (e ) 2mi - 0
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It is easy to verify (20) if j = 2. To proceed by induction, assume (20) is valid
as it stands and we wish to show that (20) is correct if in (20) the j is replaced by
j + 1. Since in an abbreviated notation, see (12),

(21) Vi+1 = — bj—ﬂ’j/j (=12,-,n-1)
it follows from the hypothesis for the induction that

dy dy . .
= (— bj-s —2 - v;/2mpt)/1

- [y,- ) S N R R 1)p“'2]/2niprf.

Hence by virtue of (21)

d j J V- . . .
et — oy B (= 07O = Dymvea + O = Dy} 200

and, combining like terms, one obtains (20) with the j replaced by j + 1. Therefore
the induction is complete and we know (20) is valid for j = 2,---,n.
Thus (19) is substantiated and consequently
dF

-J?F" = {AI + G(p,n)}/z.

Applying this formula to each of the diagonal blocks, the much needed result

M _ -
—dTM 1=T lD{}‘lIl’”.’)'GIG;)‘G"’IIG"'I""’A’ﬂlﬂ}

+ T-ID{O’ ”'sO; G(p¢+1’ LY 1)’ B G(pfb nﬂ)}
is procured.

Returning to (18) to select the appropriate s in (4) and remembering that (17)
still holds, it is clear the G’s make complications and in general destroy the
correctness of Birkhoff’s theorem [2, p. 136]. To be more precise rewrite K in
the form

K =D{Ky, ", Ky; Kyi1,-,Kp},
where K; has a structure (5), assuming in (5) we have replaced «,, -+, a,by an
appropriate set of integers a;;,*,; ,,. The n; denotes the number of rows in the
matrix I;in (7), (i = 1, ---, ). It is now evident the s in (4) is determined by the
lowest negative integral power of t, say T *°, which appears in the nonzero
elements in the various matrix products
KG(p,m)K; "' (i=a+1,-+,p).

In other words the s in (4) equals g + 1 + s,.
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If by chance
(22) ayySop < Sa, fori=a+l,-,p

one sees s, =0 and s = q + 1, again making Birkhoff’s analysis right, but not
otherwise. Since Theorem II gives no special information regarding the value
of the integers «;, --+,a, in (5), it would appear that s, might turn out to be almost
any integer. This discussion completes the proof of Theorem I and, as far as the
author can see, no sharpening of the result is possible if the analysis is based only

on Theorem II.

3. A more general type of reduction. It would appear that the minimal value
of sin (4), whichis to be associated with a particular given equation of type (1),
can be determined in general only by an analysis that takes into account the more
detailed structure of the A, matrices in (2). The author has a definite result in
this direction only in the case ¢ = — 1. This result will be presented in §4.

For the time being, however, let us return to the point of view taken by Birkhoff
in his 1909 paper [1]. There an attempt was made to reduce an equation of type
(1) to form (4) with s = g + 1 by means of a more general type of transformation

(23) X =V(1)Y,

where V can be represented by a convergent series of the form

0

(24) V() =1’ Zlfj/tj,Vo;«éO, 0<ro<|1:|<oo;
i=0

where p is a suitably chosen integer and the determinant of V(z) does not vanish

in the region ry < |t| < co. Although ¥, # 0, it is admissible to have the deter-

minant of V, equal to zero.

Birkhoff does demonstrate in [1] that the desired reduction of (1) to form
(4) with s =g + 1 can be brought about by a suitable transformation of type
(23), provided:

(i) that the characteristic roots of A4, are all distinct and provided

(ii) that the characteristic roots of J are also all distinct.

As will presently be shown, proviso (ii) is superfluous. Birkhoff indicates this is
possibly the case, but gives almost no details when J has multiple elementary
divisors.

In the event that proviso (i) is not fulfilled, the author has attempted to show
that form (4) with s =g + 1 can be reached by a transformation of type (23)
when fractional powers of 7 do not appear in the asymptotic solutions of (1),
but has failed in the more general cases mainly because a suitable modification
of Birkhoff’s scheme for annulling certain polynomial coefficients has not been

found (see [1, pp. 450-452]).
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With these preliminary remarks out of the way, we come to

TueorReM II1. If the characteristic roots of A, are distinct, there exists a
transformation of type (23) which will reduce equation (1) to the canonical form

(25) T %;_Y— = P(1)Y,

where the elements in the square matrix P(t) are polynomials in t of degree
at most q + 1.

If ¢ £ — 2, the point at T = oo is a regular point for equation (1) and the proof
of Theorem III is trivial, for advantage can be taken of the fact that a convergent
solution of the form

X ()=1+ ) X,‘/r"
k=1

exists for equation (1) and therefore a transformation X = X (7)Y will reduce (1)

at once to the form dY/dz = 0.
Similarly, when g = — 1, the point 7= o is a regular singular point and
equation (1) is known to have a fundamental solution of the form

X, (1)=Vi(v) " o, exp{(pd;+ J)log 1} ”’

where V,(7) has precisely the structure and properties attributed to matrix V()
in (23) (see [9]). Therefore a transformation X = V(7)Y will reduce equation
(1) to the form

d Y s .
T i " 0ii(pd; + J3) || Y (i,j=1,---,m),
making it evident Theorem I11 is correct when g = — 1. Here each p; is a constant;

the &;; is a Kronecker delta; the I; denotes an identity matrix of appropriate
order and J; is likewise a square matrix of the same order as I;. Moreover every
elementin J; is zero except on the first subdiagonal, where 1’s or 0’s or a mixture
of ones and zeros appear.

In the proof of Theorem III, which is about to be given, we can therefore
presume g = 0. Rather than repeat at this juncture in a new notation, pp. 438-451
of Birkhoff’s analysis [1], we here summarize the essential facts established by
Birkhoff which will enable us to proceed:

(a) If in (1) the roots of A4, are distinct, equation (1) possesses a fundamental
formal series solution

(26) X(z) = U@)H(),

where
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[+

27 Ur) = X U,/
k=0

and

q
(28) H(x) = 5i,exp‘pi,mlog T4+ X pra® Yk + 1)} “
k=0

In (28) the element in the ith row and jth column of H is exhibited. The p’s with
subscripts are suitably chosen constants and in particular the p;, (i =1,---,n),
are the ndistinct characteristic roots of A,. The U, in (27) are appropriate constant
matrices and in particular the determinant of U, is not zero.

(b) There exists a transformation of type (23) which will reduce equation (1)
to the form

29) 2 oy

where the elements in Q(t) are polynomials and (29) possesses a formal series
solution

(30) Y(z) = D{z*, ---, 7" }¥(2)H(),
where the integers «,, -++,a, are so ordered that

0SS =a,=0

and formally
a0
Y(1)= X ¥/
k=0

The ¥, denote constant matrices and the determinant of ¥, is not zero.
(c) Moreover, if we exhibit the individual polynomials in Q by writing

Q(T) = ” qij(r) |l (l’.] = 1’ Ty n)9

the maximum possible degree of the polynomial g;;(t) is (¢ + 1 + «; — «;) and,
if this quantity is negative, then g;;(7)=0.

If by chance a; = a,, the proof of Theorem III is complete. If «; < a,, Birkhoff
at this point invoked the hypothesis that the roots of J are distinct and began
annulling coefficients of certain terms in the polynomials g;{(t) involving low
powers of 7. To free ourselves from the hypothesis concerning the roots of J we
introduce a new.procedure for annulling coefficients of certain high powers of
by means of transformations of type (23), which step by step will bring o, closer
and closer to a,, finally making a; = a, and thus proving Theorem III.
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We begin by applying to (29) a shearing transformation

(1) Y = D{z®, o, 2} W

to obtain a new equation

(32) « 2~ RO

with a formal solution W = W(r)H(r), where, if we write R(t) = | r;(r) ||, then
qt1

(33) "u‘(‘t) 2 Ty , (,j=1,-n)
k=aj—a;

and the r;; are constants. Here and in future formulas, if a summation becomes
meaningless (for instance in (33) the a;—a; > g+1), it is understood the sum-
mation is to be replaced by a zero.

Since formally

R(t)/r= i1}va V= ‘;—\P'P +‘PZH H™'y~!
and
dH B q+1
d_H 0y > pi,q—k+11k"’
k=0

It is evident that the lead matrix in R, namely

(34 Rys1=|rijqe1 | = Yol 8iipso | ¥o ™

Therefore the characteristic roots p;, of the matrix R ,, are the same as the
roots of 4, and so by hypothesis these roots are all distinct.

There is no loss in generality at this stage, if we assume, as we shall, that in (33)
the r; .41 =0if i >j and Tii,q+1 = Pio for i =1,---,n; for, if this were not the
case, we would apply a preliminary transformation of the form

1 0 O 0

c;; 1 0

(33) W= €31 €3z 1
0
Cat Cnz " Cpn-p 1

to equation (32) to bring about the desired simplification in R, ;. For details
relating to the choice of the constants refer to R. Bellman [10, pp. 21-22]. In
particular c,y, -+, ¢, are so chosen that
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(36) (Rg+1—P1oD | €21 | =0,

and p,, is any one of the roots of A, which is not a characteristic root of the
(n — 1)th ordered matrix formed by erasing the first row and first column in
R, .. There is at least one such root p,o, for an (n — 1)-ordered matrix can
not have n distinct roots.

It should be particularly emphasized that transformation (35) will not induce
terms into the new equation in Z of lower degree in 7 than indicated in (33);
i.e., the ry; 444 in (33) for i > j can be annulled by (35) without changing the
lower index of summation («; — ;).

Although a,,---,a, by hypothesis are not all alike, many «’s may be equal.
This fact will be taken into account by supposing that

o =0y =--=a, =f;

Oy 41 =0y 42 =" =0 4,, = By

(37

Oy tvatotvmer+l = =0y 4 4y, =0, = Bm;
Bi<BPy<-<PBn,and v, +v,+ - +v,=n.

With the inequalities (37) in mind, the n by n matrix R is rewritten in a matrix
block form, so that it has the structure

(398) R(7) = " Rij(t) " (i,j=1,-, m),

where the R;; are no longer elements of R, but submatrices, such that R;; has v;
rows and v; columns. Furthermore

q+1

(39 Rif(v) = )X Rijkfk ifisj
k=B;j—8B:
and
q
(40) R‘J(T) = 2 R,‘jktk if i> j,
k=B;—B:

where the R;; are appropriate constant matrices and in particular R g+1 has
zero elements below the main diagonal and distinct characteristic roots run down
the various main diagonals, for i=1,---,m.
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Indeed we would like to continue the process of annulling elements below
the main diagonal using transformations of type (23) and finally obtain an equation
of type (32) where (39) holds if i <j and
q+1—-i+j
(41) Rj)= X Ryt ifi>j.
k=8;—B:
Once a system (32), (39), (41) has been reached, the proof of Theorem III is
essentially complete, for a transformation

W=D{"" U, 7" 1,1l I, }Ws,

where the identity matrix I; (i =1,-.-,m) has v; rows, is made and system (32),
(39), (41) turns into a new equation of the same type we had in (32), (39), (40),
but with one important improvement. The new B; is equal to the old B; plus
(m—i) (i=1,.--,m) i.e., the new B’s and new o’s are more nearly alike.
The procedure here outlined could then be repeated, for the characteristic roots
pio associated with the old and new equations remain unchanged and distinct
since ¢ 2 0. Thus in a finite number of steps a; would become equal to «, and
the proof of Theorem 1II would be complete.

Let us therefore backtrack to make sure the desired reduction to (41) can be
carried out. Already (41) is satisfied if (i —j)=1; see (40). To carry out an
induction suppose that transformations of type (23) have been carried out and
(39) holds with all elements in R; ,.; zero below the main diagonal and the
distinct characteristic roots are still running down the main diagonals, for i = 1,
-««,m. Also suppose that

qt1-i+j
42) Rij(f) = X Rijk""k
k=Bj—Bi

when i—j=1,,u<m—1 and that

qtl-p
(43) Rij(7) = ) Rijktk
k=p;j—B:
fori—j=p+1,-;m—1.
To push forward the reduction, replace the block structure of R indicated in
(38) by the cruder block structure

(44) R= " '@ij(‘t) " (l3] = 192’3)3

where the square submatrices #,,, #,,, and %;; have the respective orders
Vi, (V2 + V34 -+ V) and (Vg + - +v,). Also #;, has v, rows and
(v2+ -+ +v,44) columns, etc.

A transformation
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I, 0 0
W = 0 Iz 0 W4,
Ct™ 0 I,

where the identity matrix I; (i =1, 2, 3) is of the same order as matrix %; in
(44), is applied to (32) to obtain a new equation

dw, S.; o
@3 pyra | "ft)" W, (=123

A computation will show that
Si® = Z(v) (i=12; j=23);
Su() = By(1) + By()C/T* (i =1,2);
(46)  S;3j(0) = &y;(1) — CR,,(V/**  (j=23);
S31(1) = R34(1) + {R33(1)C — CR,4(1)}/7" — CR,5()C/x** + uC/7".

The C can and will be so chosen that in S;,(r) the terms to the highest power
of 7 (i.e., T to the power g + 1 — p) cancel out.
This possibility is based on

LeMMA 1. A matrix equation of the form
47 AX -XB=C

for given matrices A, B, C always has a unique solution X if A and B have
no common characteristic root.

For a proof of this lemma, see reference [11]. It is understood in (47) that if
the square matrix 4 has m rows and the square matrix B has n rows, the matrices X
and C each have m rows and n columns.

The various equations in (46) can then be used to verify that the new equation
(45) has precisely the same form as the old equation (32), where, after changing
§’s into R’s, the new block matrices R;j(t) satisfy (39), (42) and (43) and fur-
thermore because of the judicious choice of C the new

(48) Rji,q+1—y=0 fOf i =#+2,u+3,...,m_

It is particularly important to check here the fact, as one can easily do using
(46), that the upper indices of summation on the X ’s in the formulas describing
the new R;; have not become larger than here stated and that the lower indices of
summation are not below the values here specified and that the characteristic
roots p;o have not been disturbed.
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To complete the reduction, let it be assumed that at this stage in the analysis
we are dealing with an equation (32) where the R;; satisfy not only (39), (42)
and (43), but that when j = 1,2,---,n, where 5 is some particular integer on the
range 1,:--,m — u — 2, then also

(49) Rij,q+1—“=0 for i=[l-|-j+ 1,...,m.

To carry the annulling one step further and get an equation of type (32) where
not only (39), (42), (43) and (49) are satisfied, but also where

(50) Ripi1,9+41-4=0 fori=p+n+2,---,m,
first split the matrix R in (32) into the cruder block form
(51) R= “ mij(r) " (l’.’ = 1, "'94)9

where the square matrix R,; has (v; + v, + --- 4+ v,) rows; the square matrix
R,, has v, rows, Ry has (vy4p + Vyr3+ - + Vuypsq1) TOWs and an equal
number of columns and Ry, has (v,4,., + -+ +v,) rows and a like number
of columns, etc.

Then make a transformation of the form

I, 0 0 0
1o 1, o0 o
©2) W= 0 0 I; 0 Ws,

0 C* o0 I,

where the identity matrix I; (i =1,---,4) has the same number of rows and
columns as the R;; in (51). This converts (32) into a new equation of the form

. dWs

(53) 7

=|Si;|ws  (i=1,--,4).

Formulas analogous to (46) are easily found expressing the new S;; matrices
in (53) in terms of the R;; in (51) and again it is not difficult to verify that the
constant matrix C in (52) can and will be so chosen that not only does the new
equation (53) have structure (32), but also that, when in this equation the S’s are
replaced by R’s and the resultant finer R;; block structure is considered, it will
satisfy all the desired relations (39), (42), (43), (48), (49), and (50).

The procedure thus outlined, with # increased a unit each time, can therefore
be repeated, always using transformations of type (23) and each time modifying
(32) more and more until not only (39), (42), (43) and (48) are satisfied, but also
(49) with n = m — p — 1. At this stage one notices that not only are the relations
(32), (39), (42), (43) satisfied, but also the same relations are now satisfied when
in these formulas u is replaced by g + 1.

The process then moves forward with increasing u until u has become equal
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to (m — 1) and at this point the reduction is complete and Theorem III is dem-
onstrated as previously explained, since the R;; in (32) at this juncture satisfy
(39) and (41).

4. A regular singular point. We now turn to the special case ¢ = —1 and
present

THEOREM IV. If g = — 1 in equation (1), then there exists a transformation
of type (3) which will reduce (1) to a canonical form of type (4) where s = 1.

To prove Theorem IV it is convenient to shift the regular singular point at
T = ooto the origin t = 0 by setting t = 1/t and absorb a minus sign in the constant
coefficients so that (1) takes the revised form

o A g

At first we seek a transformation of the form
(59) X =T(Y,

where T possesses a convergent series representation
0

(60) T= X T, whereTy=1,
=0

which for some choice of the integer w, will convert (58) into a new equation

(61) 4Y - T A,
where 4,, A;,+-, 4, in (58) are the same matrices as in (61). Any T of the form
(60) will bring about this desired reduction of (58) to (61), provided T'is a solution
of the differential equation
(62) ti}-EAtT T):At

Proceeding temporarily in a formal fashion, let us substitute (60) into (62) and
equate coefficients of like powers of T to obtain the recurrence relations:

Ti4o — (4o — DT = 0;

r—1 =1 o
(63) TAo—(4o—rDT,= L AT,_,— ZT,_,4, (r=2,,w);
v=1

v=1

w

r—1
~(4o—rDT, = X AT, E T_ A, +4,  (r>w).
v=1
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It is evident that, for all sufficiently large values of r, the characteristic roots
of A, will be distinct from the roots of (4, — rI). To be more specific, suppose
that when r = r, > 0 no root of A4, coincides with a root of (4, — rI). Then
take w=ry, — 1 and this choice will guarantee there is a sequence of constant
matrices Ty, T,, - satisfying system (63), for one takes

(64) Ty=T,= =T, =0

and then T, T, +,,--- are uniquely determined by the recurrence relations (€3).
Thus at least a formal solution (60) has been found for equation (62).

In writing (63) it has been tacitly assumed that ro — 1 =w > 2. If by chance
ro —1=w =1, the second equation in (63) is to be omitted; set T,=0 and
T,,Ts,--- are then all uniquely determined in turn. When ry —1=w=0, omit
both the first and second equations in (63) and T;, T,,--- are all determined in
turn by the third equation in (63). Hence in any case a formal series solution (60)
for equation (62) has been found.

Equation (62) does not have form (58), but can easily be made to take on a
structure analogous to (58) by introducing as the unknown vector

le
V= | T® |,

| rI.w(n)

where T is the jth column in matrix T. It is then apparent that this vector V
satisfies a differential equation of the form

av & _ .,
(65) t-a‘t— = vgoBVt v,
where the indicated series in (65) converges for sufficiently small values of t.
The B, could be expressed in terms of the elements in the A, matrices, but these
relations are not needed for present purposes. The important feature is that
since (58) has a formal matrix series solution of type (60), (65) also has a formal
vector solution of the form

(66) V=X Vi~

But we know any formal vector solution of type (66) of equation (65) must ne-
cessarily converge for sufficiently small |¢|. This in turn implies series (60) con-
verges and we have as a result

LemMa I1. If for some positive integer r, no characteristic root of matrix
Ay in (58) is equal to a root of (Ag —rI) and this is also true for all larger
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integral values of r, then there exists a convergent transformation of type (59)
such that (59) will reduce (58) to the form
dY r—1

(67) t?t— = vgoAvt Y,

where the Agy, -+, A,_, in (58) and in (67) are the same respective matrices.

Returning to a general equation of type (58), there is no loss of generality in
assuming, as we shall, that 4, is in the Jordan classical canonical form. Matrix
A, can then be written in a cruder form

Ao = " 0:jAii0 " (,j=1,-,m),

where the characteristic roots have been so arranged that the differences between
the roots of A4, and A4;j, are not integers if i # j. The roots of any particular
matrix A;;, are either all alike or they may differ one from the other by integers.
Let the maximum difference between two roots of A;;, be denoted by (r; — 1)
and let r = max{ry, -, 7}
In reference [9] it is shown that a convergent transformation of type (59)
exists that will convert (68) into a new equation of the form

Y.

dY r—1 ! 0
(68) b = “ 8y L Aut’+ X Ay’
v=0 v=r

But according to Lemma II an appropriate convergent transformation of type
(59) will obliterate the second summation in (68) without changing the terms
in the first summation. The resulting modified form of (68) with the second
summation missing will be equivalent to m separate matrix equations because
of the diagonal block structure of the modified form of (68).

In short there is no loss in generality in confining the analysis to equations of
type (58) where A4, is not only in Jordan form, but also the roots of 4, are alike
or differ by integers. It has been shown in reference [9] that with such a lead
matrix 4, there will be a transformation of type (60) which will further reduce
the equation under consideration to the form

dzZ o
(69) t== = loy(pdi+J) + K0+ X Byt |Z,
dt v=ky+1
where
(70) pi=pmtk, fori=1,-m

and the integers k; are so ordered that

M) ky>ky,>:->k,=0.
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Also
(73) K (0 =B, ifi<j,

and all the B;;’s are appropriate constant matrices. The infinite series in (69)
converges for sufficiently small ||.

It will now be shown, that, given an equation of type (69) with the roots p;
satisfying (70) and (71), there will be associated with (69) another equation

(74) X oot 1) HiCy X G=1,m),
where

(75) Cij=0 if i>j; Ci =05 and C; =y,
and a transformation of type (59), namely

(76) X =|é&;l;+Q;n|Y,

where

Q=0 ifi>j; 0,,(H=0

and
ki
(7 0,0= X Q" ifisi,
v=1
such that transformation (76) will reduce (74) to an equation of the form
dY ® y
(78) t—= 0,0 +J) + KD+ X Cipt’ |V
dt ! g v=ki+1

where the infinite series in this equation converges for sufficiently small values
|t]; Cy1y=0and C;j, =0if i>jand v=k, +1, k; +2,---. In (75) the y;is a
nonzero scalar parameter, which eventually will be set equal to i.

By virtue of Lemma II the By, in (69) and the C,;, in (78) can be eliminated
without affecting the other terms in these two equations by means of transformations
of type (59). In this way the two equations (69) and (78) can be modified and
made identical. Since inverses and products of matrices of type (60) are also of
type (60), we see (69) can be reduced to an equation of form (74) by a transfor-
mation of type (59) and thus Theorem 1V will be demonstrated, provided the
aforementioned reduction of (75) to (78) can be carried out. To examine this
possibility, substitute (76) into (74) and compute the resulting coefficient matrix
of Yin the new equation thus obtained. Then equate this coefficient matrix to the
coefficient matrix of Y indicated in (78). Having done this, multiply on the left
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both sides of the resulting equation by the matrix || 0l + Qi) ” and compare
coefficients of like powers of t on both sides of the resulting equation.
It will be found, first of all, one must select the Q;;,’s so that

(79) Qiil + QiilJi—JiQ,'“ = Cii (1 =2’...’m)
and
(80) rQir + Quindi — JiQiiy = Cil Qi1 (i=2,,m5r=2,-,k),

where in formulas (80) through (88) a k is being written in place of k.
Also fori=1,---,m;j=2,---,m and i <j we must be able to select the con-
stant matrices C;; and Q;;, so that in the equation

ki Z Qipt” +J; Z Qi+ E Z CinQint” "1 +1Cy;
=1 =1

n=i v=1
k
Q,,vt"+ 21 Qipt"J; + Byt M 4 Z vQ.,v

||
Ma-

@81

v

+ E E Qi Byt 1 ™% + terms of degree (k, + 1) and higher in ¢,
n=i v=1

the coefficients of like powers of ¢ on both sides of (81) are the same for t, £2,-+-, %,
If the C;; and Q;;, can be so selected as to meet these conditions the desired
reduction can be carried out.

The presence in these formulas of the J;’s is a complicating feature. An artifice
will be introduced that willin effect make the influence of the J; matrices negligible.

It will be assumed, without loss of generality, that in every matrix
Ji (i=1,--,m) in (69) and in all our subsequent equations the 1’s running down
the first subdiagonal of each J; have all been replaced by &’s, where ¢ is an arbi-
trarily small positive quantity. This assumption in effect means that a preliminary
transformation

(82) Z=D(E"" 2 e )W

has been applied to (69). Since we want to keep ¢ a free variable, one should
note that transformation (82) the roots p; in (69) remain unchanged and inde-
pendent of ¢, while the matrices B;;, become continuous functions of &.

With the new meaning of the symbol J; in mind, turn to equations (79) and (80)
and note that since C;; = y,I;, Qy;; is uniquely determined by (79) by virtue of
Lemma I. Moreover
(83) lim Qyy =vl; (i=2,-,m).

e—~0

Likewise in turn Q,,,---,Q;; are computed from (80) and
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(84) lim Qiir='y'i'1i/r! (r=19"',k; i=2s"°am)-
ad ]

Temporarily assume k — k, £ 1 and set
(85) O12.-x,=0.

Then in (81) let i =1 and j =2 and equate coefficients of like powers of %2
to find that

)86) C12Q22,k—kz—l = By,.

By choosing ¢ small enough, it is clear from (83) and (84) there is no danger of
Q,2.k—k,—1 being a singular matrix. Therefore C,, is uniquely determined by (86).
Keeping i = 1 and j = 2 in (81) next equate coefficients of ¢ and one finds

87) kQi21 +J1Q121 +Ci2 = Q1212 + Q121 + k2Q12y
and (87) uniquely determines Q,,,. Likewise if r22, r <k, and r #k —k,,
(88) kQys +J1Q12r +C12Q22,r—1 = @120, +7Q12, + k301,

and from (88) the unknowns Q,,,, Q;,3,**, Q12 are computed in turn.
In the special case where k — k, =1, take

(89) 012:1=0 and Ci2=By,

and again the remaining matrices Q,,,,-,Qy,, are computed in turn from
equation (88).

We are ready to set i = 2 and j = 3 in (81) and equate coefficients of like powers
of t. One finds, if k, — k3 # 1, that

(90) k30231 + 720331 + Co3 = k3Q231 + Q2313 + Q2315

and

O1) k3033, + 2023, + C22Q23 1 + C23Q033,,—1 = k3Q23, + @23, J3 + 1023,
for r=2,---, k, — k3 — 1. Setting

Q23,kz—k3 =0,

one also finds
92) C220235,-k:-1 + C23Q33 k3-k,-1 = Bas.

The situation has become more involved. First, one solves (90) for Q,3;, and
the elements in Q,5, will then be given as certain linear combinations of the
elements in C,3. The elements of C,; are as yet undetermined. Then, one solves
(91) in turn for Q,3,, then Q,33, and so on finally obtaining the elements in
Q23.x,-k,-1 expressed as linear combinations of the elements in C,5. This brings
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us then to the crucial equation (92), where we must be sure one can solve for
the elements in C,;.

To see there certainly will be a unique solution of (92) when ¢ is chosen small
enough, consider the equation

93) () =N(1)+C/(1 - h),
where h is any positive integer greater than one, and the equations

_100=1) _ _wiC
94) o =2 - b+ NG,

where r=2,.--,h — 1; y and u are positive constants; N(1) is a known matrix
independent of C and N(r) is some known matrix function of r which is also
independent of C.

An evaluation of

(95) R =yQ(h—1)+ Cu" Y/(h—1)!

is needed. To this end compute Q(2), @(3),---,@(h — 1) in succession and sub-
stitute the result found for Q(h — 1) in (95).
For instance one finds

(96)  Q(2)={NQ)+yN1)/2 - h)} + C{y + (1 — h)}/2 — h)(1 - h),
and without difficulty one obtains
CY) R=Q+Cu—y)" /(h—1),

where Q denotes a known matrix which is independent of C. For present purposes
nothing more need be known about the Q matrix.

As the procedure here described is carried forward, we will need to use (93),
(94) and (97) when

h=ki—kj; C=Cy;y=y50=7;

L2

and in each instance one must be sure
(—7)=@;—y)#0  when i<j;

so we set ;=i for i=2,.--,m.

Let us return to system (90)-(91) and set ¢ =0, (i.e., assume by chance the
J’s are all identically zero). System (90)-(91) then turns into system (93)-(94)
with

0(r) =033, C=Cs3, V=72, 0 =73

and h = k, — k3. In this instance all N ’s and Q are zero. The left member of (92)
becomes the # given in (97) and it is at once clear one can solve for C = C,;,
provided £¢=0. But the continuity of the elements in our matrices as functions of
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¢ guarantees that (92) uniquely determines C,; even if ¢ is not zero, provided
the ¢ is chosen small enough.

Thus with C,; determined, the Q,3;, @533, , Q23.4,-ks—1 likewise become
determined and there is no further difficulty in computing Q23 x,—k;+15**"» @23k
in turn by equating coefficients of the respective powers of ek ¥t *in
(81) with i =2 and j=3.

In the special case when k, — ky = 1, set Q,5, = 0 and then C,3,Q532,""*, @23«
can easily be computed, one after the other in the order listed.

The process of evaluating the C;;’s and Q;;,’s then moves forward step by step.
Next comes the evaluation of C,, and the Qs,, for v=1,--,k. One moves in
this way down the first superdiagonal until all the C;; and Q;;, for i+1=j have
been evaluated; then one begins on the second superdiagonal, where i + 2 = j and
evaluates the C,; and the Q,;,’s and so moves on down the second superdiagonal
to the right. Then comes the third superdiagonal and we work from top down
to the right, etc.

As we move ahead in each instance set

Qijki-k,=0 fori=2,--,m;j=3,-,m;i<j.

Since the computations at each stage are analogous to those already described
save that nonzero N’s and Q’s may appear, no details need be given.
Thus all the C;;’s and Q;;,’s can be evaluated in turn and Theorem 1V is proved.

5. Summary. In §2 the source of G. D. Birkhoff’s error has been pointed out.
1t is found that the s in (4) is (¢ + 1) if and only if the E;’s, (i = « + 1,---, B), are
not present in the monodromic matrix (7) or, if the E,’s are present, in the cor-
responding matrices K; the «;;’s are so ordered that (22) is satisfied.

Birkhoff’s original reduction theorem has been extended in §3 by dropping
one of his two hypotheses.

The special case g = — 1 is treated in full detail in §4 and the lowest possible
value for s is obtained.

When g = 0, the author would have liked to have determined the minimal
value of s in (4) that can be obtained by using transformations of not only types
(3) and (23), but also for a more general type of nonsingular transformation,
where in (24) it would be admissible to replace t by a fractional power of 7.
However to-date he has not been able to obtain such general results.
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